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Germany
(Dated: July 25, 2019)
A generally applicable approach for the calculation of relativistic one-electron properties with two-component
wave functions is presented. The formalism is explicitly evaluated for the example of quasi-relativistic wave-
functions obtained within the zeroth order regular approximation (ZORA). The wide applicability of the
scheme is demonstrated for the calculation of parity (P) and time-reversal (T ) symmetry violating proper-
ties, which are important for searches of physics beyond the standard model of particle physics. The quality
of the ZORA results is shown exemplarily for the molecules RaF and TlF by comparison to data from four-
component calculations as far as available. Finally, the applicability of RaF in experiments that search for
P , T -violation not only in the electronic but also in quark sector is demonstrated.
I. INTRODUCTION
In order to explore the boundaries of the standard
model of particle physics and of general relativity, a
wealth of experiments was proposed in the last decades
(see e.g. Ref. 1) aiming for the detection of new physics.
Molecular systems have gained meanwhile increasing im-
portance for this research direction, which has recently
been reviewed for instance in Ref. 2. Modern experi-
ments take advantage of the rich, but also highly com-
plex vibronic internal structure of molecules, which is
why theory plays a crucial role for design and interpre-
tation of established and future experiments.
From this search for new physics emerges also a large
number of new properties of interest, of which many vi-
olate symmetries that are either conserved or only very
weakly broken in established physics (see e.g. Ref. 3).
Several of the proposed phenomena are considered to be
favourably enhanced in heavy-elemental molecules due
to relativistic effects and therefore demand on the theory
side a corresponding description of the electronic wave
function, including spin-orbit coupling.
An accurate treatment of spin-orbit coupling in heavy
elements requires at least a two-component wave func-
tion, which is nowadays available in many quantum
chemistry software packages. However, naturally rel-
ativistic properties are typically described in a four-
component framework. Therefore, all operators have to
be transformed from four-component to two-component
pictures in order to be consistent with quasi-relativistic
wave function formulations. As most programs do not
include direct support for four-component treatments,
this requires derivation of analytical expressions of two-
component operators and commonly also a new, often
tedious and error-prone implementation for every prop-
erty.
In this paper we develop a general formalism for flexi-
ble calculation of arbitrary relativistic one-electron prop-
erties in a two-component framework. We introduce our
formalism in terms of two-component one-electron den-
sity functions and we provide a general formulation of
relativistic one-electron properties for the case of ze-
roth order regular approximation (ZORA) wave func-
tions. Our generally applicable scheme is demonstrated
on the example of different sources of simultaneous par-
ity (P) and time-reversal (T ) symmetry violation in the
diatomic molecules RaF and TlF, which are promising
candidates for a first measurement of P , T -violation be-
yond the Standard Model.4–7 In future applications the
concepts and implementation derived in the following can
also be used to study conventional nuclear magnetic res-
onance (NMR) shielding constants and parity violating
shifts in chiral molecules8,9 and a wealth of further prop-
erties.
II. THEORY
A. Relativistic one-particle wave functions and operators
Relativistic electronic one-particle wave functions have
a bi-spinor structure, which can be decomposed as
ψ =
(
ψL
ψS
)
=


ψLα
ψLβ
ψSα
ψSβ

 . (1)
Here ψL and ψS are the spinors of the large or upper com-
ponent and the small or lower component of the Dirac
one-particle wave function ψ, respectively. ψα and ψβ
are spin orbitals with electron spin up and down, respec-
tively. A similar structure is also found for one-particle
operators in four component theory. Operators can be
decomposed in a 2× 2-block structure:
Oˆ =
(
Oˆ
LL
2×2 Oˆ
LS
2×2
Oˆ
SL
2×2 Oˆ
SS
2×2
)
(2)
Thus, we can deduce four kinds of one-particle densi-
ties, which appear as contribution to all expectation val-
ues of custom one-electron operators in one-particle four-
component theory. These are contributions from large
2component-large component (LL), large component-
small component (LS), small component-large compo-
nent (SL) and small component-small component (SS)
matrix elements. This formulation allows a decomposi-
tion of expectation values of four-component one-electron
operators in a sum of modified relativistic one-electron
density functions ΩIJ(~x) =
(
ψI(~x)
)†
Oˆ
IJ
2×2ψ
J(~x), where
IJ can be LL, LS, SL or SS:
〈
Oˆ
〉
=
∫
d4~x
[
ΩLL(~x) + ΩSL(~x) + ΩLS(~x) + ΩSS(~x)
]
.
(3)
In the following all ΩIJ are reformulated in terms of two-
component density functions exploiting the Lorentz sym-
metry of relativistic operators. Finally, this reformula-
tion will allow a generally applicable procedure for com-
putation of ΩIJ within an approximate two-component
theory.
B. Lorentz group and relativistic density functions
The explicit representation of four-component
one-electron operators can be reduced to a linear-
combination of a special unitary basis of matrices in
four-dimensional space that corresponds to the Lorentz
group SU(2) × SU(2), which represents the 2 × 2-block
structure of the Dirac equation. This basis is formed by
the 16 (or rather 32, allowing an imaginary phase of ık
with the imaginary unit ı =
√−1 and k ∈ N0) Dirac
matrices:
Γ
i,j,k = ıkσi ⊗ σj ; i, j = 0, 1, 2, 3 ∧ k ∈ N0, (4)
where σi for i = 1, 2, 3 are the Pauli spin matrices and
σ0 = 12×2 is the two dimensional identity matrix, which
build the basis of SU(2), and ⊗ is the Kronecker product.
We include an imaginary phase ık in order to enable time-
reversal symmetry violation in our formalism, as well.
The usual notation for theses matrices is
Γ
0,0,k = ıkσ0 ⊗ σ0 = ık14×4 (5a)
Γ
1,0,k = ıkσ1 ⊗ σ0 = ıkγ5 (5b)
Γ
2,0,k = ık−1ıσ2 ⊗ σ0 = ık−1γ0γ5 (5c)
Γ
3,0,k = ıkσ3 ⊗ σ0 = ıkγ0 = ıkβ (5d)
~Γ
0,(1,2,3),k
= ıkσ0 ⊗ ~σ = ık ~Σ (5e)
~Γ
1,(1,2,3),k
= ıkσ1 ⊗ ~σ = ıkγ0~γ = ık~α (5f)
~Γ
2,(1,2,3),k
= ık−1ıσ2 ⊗ ~σ = ık−1~γ (5g)
~Γ
3,(1,2,3),k
= ıkσ3 ⊗ ~σ = ıkγ0~Σ . (5h)
Employing this structure we can define 32 Dirac one-
electron density functions of electron 1 which are build
as
Γi,j,k(~r1, ~r
′
1)
= Dˆ
[(
Ψ( ~X)
)†
~Γ
i,j,k
1 ⊗ Γ0,0,02 ⊗ · · · ⊗ Γ0,0,0NelecΨ( ~X ′)
]
.
(6)
We have introduced in this equation the many-particle
wave function Ψ, which depends on the set ~X =
{~x1, . . . , ~xN} of Nelec combined spin and spatial coor-
dinates, with ~xi = {σi, ~ri} for each electron i, and the
one-electron density projection operator
Dˆ = NelecRe
∫
σ1=σ′1
dσ1
∫
· · ·
∫
~xi=~x′i; i=1,...,N
d4~x2 · · ·d4~xN , (7)
which integrates out all coordinates except one spatial
coordinate ~r1. Coordinates with a prime are introduced
to formally allow a discrimination between the left and
right function that contributes to the density function,
in order to enable the definition of operators acting on
the left or right function, respectively.
Employing the 2 × 2-block structure of the one-
particle Dirac equation we can decompose the Dirac one-
electron density functions further by introducing four
kinds of two-component densities for each of the four
four-component densities ρIJ,j,k. The two-component
density functions can be classified as i) number density
functions ρIJ,0,2k, ii) number current density functions
ρIJ,0,2k+1, iii) spin density functions ~ρIJ,(1,2,3),2k and iv)
spin current density functions ~ρIJ,(1,2,3),2k+1. Thus there
are in total 4× 4 = 16 two-component one-electron den-
sity functions, which can be combined linearly to give the
32 Dirac one-electron density functions:
Γ0,j,k(~r, ~r′) = ρLL,j,k(~r, ~r′) + ρSS,j,k(~r, ~r′) (8a)
Γ1,j,k(~r, ~r′) = ρLS,j,k(~r, ~r′) + ρSL,j,k(~r, ~r′) (8b)
Γ2,j,k(~r, ~r′) = ρLS,j,k(~r, ~r′)− ρSL,j,k(~r, ~r′) (8c)
Γ3,j,k(~r, ~r′) = ρLL,j,k(~r, ~r′)− ρSS,j,k(~r, ~r′) . (8d)
We introduce the spin tensor function in correspondence
to the four Pauli matrices with a complex phase:
ς(j, k) = ıkσj . (9)
Using this spin tensor function the two-component one-
electron density functions of electron 1 are build with the
spinors of the Dirac one-particle wave function containing
either only the large component for the first electron ΨL
or only small component for the first electron ΨS as
ρIJ,j,k(~r1, ~r
′
1)
= Dˆ
[(
ΨI( ~X)
)†
ς1(j, k)⊗ σ02 ⊗ · · · ⊗ σ0NelecΨJ( ~X ′)
]
.
(10)
3C. Quasi-relativistic approximation and ZORA
In order to be able to calculate these relativistic density
functions in two-component theories we need to approx-
imate the small component wave function. The exact
transformation of the large-component one-particle wave
function into the small-component one-particle wave
function is given by:
ψS(~x) = c
(
2mec
2
12×2 − VˆSSdiag(~x) + ǫ12×2
)−1
︸ ︷︷ ︸
=cω(~x)
×
(
~σ · ~ˆp+ VˆSLoff (~x)
)
︸ ︷︷ ︸
̟(~x)
ψL(~x). (11)
Here ǫ is the electronic energy of the single particle state,
~ˆp = −ı~~∇ is the one-electron linear momentum operator
in position space with ~ = h2π being the reduced Planck’s
constant, VˆSSdiag is the SS-block of the potential effective
one-electron operator appearing on the diagonal of the
Hamiltonian, VˆSLoff is the SL-block of a potential effective
one-electron operator appearing on the off-diagonal of
the Hamiltonian, as e.g. a vector potential or the Breit
operator, both as effective one-electron operators. me is
the electron mass and c is the speed of light in vacuum.
For any two-component method we can replace ψL ap-
proximately by the wave-function optimized within this
specific method and use the corresponding approximate
transformation matrix ω to construct an approximate
ψS.
As VˆSLoff (~x) is an effective one-electron operator, the
modified momentum matrix ̟ can be decomposed into
a linear combination of spin tensor functions:
̟(~x) =
3∑
j=0
1∑
k=0
ς(j, k)πˆj,k(~x) (12)
with the modified one-electron momentum operators
~ˆπj,k. Neglecting all off-diagonal potentials, ̟ simplifies
to
̟ ≈ ~σ · ~ˆp = −~ı~σ · ~∇, (13)
so that ~ˆπ(1,2,3),1 = −~~∇. For all j = 0 or k = 0, we have
πˆj,ki = 0.
In the present paper we implemented the scheme
within zeroth order regular approximation (ZORA) with-
out potentials appearing on the off-diagonal:
ψL(~x) ≈ ψZORA(~x) (14)
ψS(~x) ≈ c
2mec2 − V˜ (~r)︸ ︷︷ ︸
=cωZORA(~r)
~σ · ~ˆpψZORAi (~x), (15)
where we assume an unperturbed scalar transformation
factor ω, which depends only on a model-potential V˜ as
introduced by van Wu¨llen.10 The model-potential is an
effective one-electron operator that does not depend on
the molecular wave function and is designed to alleviate
the gauge variance of ZORA. All perturbations to the
diagonal potential Vˆdiag are neglected in V˜ .
Corrections stemming from the presence of vector po-
tentials appear as additional terms and can be included
afterwards by calculation of matrix elements of the cor-
responding operators, which is straightforward in the
present approach.
In the mean-field approximation the ZORA Nelec-
electron wave function is represented as Nelec Slater de-
terminant of one-electron wave functions ψZORAi , which
are composed of Nbasis real spatial basis functions χµ and
complex two component coefficients ~Ciµ:
ΨZORA =
∣∣ψZORA1 · · ·ψZORAN ∣∣ (16)
with
ψZORAi =
Nbasis∑
µ=1
~Ciµχµ, (17)
where
~Ciµ =
(
Cαiµ
Cβiµ
)
. (18)
Only the coefficients depend on the spin component, so
that spin can in this form easily be integrated out. Fur-
thermore, in this approach we can define for each molec-
ular orbital (MO) i a MO-density function ρIJ,j,ki . The
total ZORA-density function is a sum of all Norb MO-
density functions weighted by their occupation number
ni, which is 0 for unoccupied or 1 for occupied orbitals:
ρIJ,j,k(~r, ~r′) =
Norb∑
i=1
niρ
IJ,j,k
i (~r, ~r
′). (19)
Within ZORA the one-electron MO-density functions
ρIJ,j,ki are evaluated explicitly as
4ρLL,j,ki (~r, ~r
′) =
Nbasis∑
µν
Re
{
~C†iµ~ς(j, k)~Ciν
}
︸ ︷︷ ︸
Dj,k,(0,0)iµν
· (χµχ′ν)︸ ︷︷ ︸
I(0,0)µν
(20a)
ρLS,j,ki (~r, ~r
′) =
Nbasis∑
µν
3∑
l=1
Re
{
~C†iµς(j, k)
(
−ıσl ~Ciν
)}
︸ ︷︷ ︸
Dj,k,(0,l)iµν
·
(
~cχµω
′(~∂′ν)l
)
︸ ︷︷ ︸
I(0,l)µν
(20b)
ρSL,j,ki (~r, ~r
′) =
Nbasis∑
µν
3∑
l=1
Re
{(
~C†iµıσ
l
)
ς(j, k)~Ciν
}
︸ ︷︷ ︸
Dj,k,(l,0)iµν
·
(
~c(~∂µ)lωχ
′
ν
)
︸ ︷︷ ︸
I(l,0)µν
(20c)
ρSS,j,ki (~r, ~r
′) =
Nbasis∑
µν
3∑
l=1
3∑
m=1
Re
{(
~C†iµıσ
l
)
ς(j, k)
(
−ıσm ~Ciν
)}
︸ ︷︷ ︸
Dj,k,(l,m)iµν
·
(
~
2c2(~∂µ)lωω
′(~∂′ν)m
)
︸ ︷︷ ︸
I(l,m)µν
. (20d)
Here we used the short-hand notations: χµ(~r) = χµ,
χµ(~r
′) = χ′µ, ~∇χµ = ~∂µ, ~∇′χ′µ = ~∂′µ, ωZORA(~r) = ω and
ωZORA(~r′) = ω′. Generalization of eqs. (20a) to (20d) in
terms of D, I gives
ρIJ,j,ki (~r, ~r
′) =
Nbasis∑
µν
∑
l∈M(I)
∑
m∈M(J)
Dj,k,(l,m)iµν I(l,m)µν (~r, ~r′),
(21)
whereM(I) =
{
{1, 2, 3} if I = S
{0} if I = L is a mapping between
spin indices l,m ofD
j,k,(l,m)
i and I
(l,m) and the relativis-
tic type of the two-component density function I, J and
Dj,k,(l,m)iµν
= Re
{(
~Ciµ
)†
ς(l, 1− δl0)ς(j, k)ς(m, 3 − 3δm0)~Ciν
}
(22)
I(l,m)µν (~r, ~r′) = (~c)2−δl0−δm0∂(l)µ ω1−δl0ω′1−δm0∂′(m)ν ,
(23)
with ∂
(i)
µ =
{
∂χµ
∂(~r)i
if i = 1, 2, 3
χµ if i = 0
and analogously with
prime.
Here the density matrices Dj,k,(l,m) =
Nocc∑
i=1
D
j,k,(l,m)
i
can be constructed from the four (eight when separating
real and imaginary parts) two-component density matri-
ces D(k), which are defined in terms of Pauli matrices
as
D(k)µν =
Nocc∑
i=1
~C†iµσ
k ~Ciν︸ ︷︷ ︸
D
(k)
iµν
. (24)
The explicit expressions forDj,k,(k,l) in terms ofD(k) can
be evaluated following eq. (22) and using commutator
relations of Pauli matrices.
D. Generic tensor function formulation of molecular
properties
With the two-component formulation of relativistic
density functions introduced in the previous section we
can formulate a generic one-electron tensor function
which can directly be connected to an arbitrary one-
electron molecular property. For this purpose we intro-
duce, besides the relativistic Γi,j,k or quasi-relativistic
one-electron density function ρIJ,j,k, a general differential
tensor operator ∂ˆ(~r′ ∨ ~r), which acts on ~r′ or ~r. Within
this flexible formulation we do not use turn-over rule,
which can complicate calculations as pointed out in Ref.
11. Furthermore a general tensor operator tˆ(~r) and a
general scalar operator sˆ are defined. All these opera-
tors may be defined arbitrarily. In the following section,
some explicit realisations for these operators will be dis-
cussed. A generic one-electron tensor function can now
be written as
Ω
i,j,k(~r) = sˆtˆ ◦ ∂ˆ(~r′ ∨ ~r) ◦ Γi,j,k(~r, ~r′)
∣∣∣
~r′=~r
, (25)
or for two-component density functions as
Ω
IJ,j,k(~r) = sˆtˆ ◦ ∂ˆ(~r′ ∨ ~r) ◦ ρIJ,j,k(~r, ~r′)
∣∣∣
~r′=~r
, (26)
where ◦ = ⊗ , ·, ×, with ⊗ being the outer product, ·
being the inner product and × being the cross product.
The latter is defined only within R3. Here j can be 0 or
(1, 2, 3). In the latter case Γi,j,k is a three dimensional
vector. This formulation allows the flexible construction
5of one-electron operators that can correspond to molec-
ular properties. The expectation value is received by in-
tegration over space:〈
Oˆ(Γi,j,k, sˆ, tˆ, ∂ˆ)
〉
=
∫
d3~r Ωi,j,k(~r) (27)
With explicit expressions for quasi-relativistic ZORA
density functions given in eqs. (21), (22) and (23). and
the definitions of the relativistic density functions in eq.
(8) the working equation for the computation of the ex-
pectation value of an arbitrary relativistic one-electron
properties within ZORA is
〈
Oˆ(Γi,j,k, sˆ, tˆ, ∂ˆ)
〉
=
∑
IJ∈M(i)
Nocc∑
n
Nbasis∑
µν
∑
l∈M(I)
∑
m∈M(J)
Dj,k,(l,m)nµν ◦
∫
~r′=~r
d3~r
[
sˆ(~r)tˆ(~r) ◦ ∂ˆ(~r′ ∨ ~r)I(l,m)µν (~r, ~r′)
]
. (28)
Here M(i) maps the index i of the Dirac density func-
tion to a sum of two-component density functions with
appropriate sign following eqs. (8).
The above expressions are valid for properties within
first order perturbation theory only. In case of sec-
ond order properties the corresponding density functions
have to be constructed with perturbed density matri-
ces D˜(k) or rather transition density matrices. These
can be received via common algorithms by solving the
coupled perturbed Hartree-Fock (CPHF) or Kohn-Sham
(CPKS) equations. For uncoupled problems the above
density functions can be used in a simple sum-over-
states (SoS) framework. For this purpose, instead of the
MO-coefficients of only occupied orbitals, also the MO-
coefficients of unoccupied orbitals have to be considered,
weighted by the orbital energy differences.
III. IMPLEMENTATION
The above formalism was implemented within a two-
component ZORA version12 of the quantum chemistry
program package Turbomole13. The derivative operator
∂ˆ(~r′ ∨~r) was limited to first and second derivatives. The
tensor operator can always be reduced to any sum of ten-
sor products of the electronic position vector with respect
to some arbitrary origin ~r−~rO or with respect to the cen-
ter of a nucleus A: ~r−~rA. Eq. (28) is rewritten in terms
of two-component density matrices D(k):
〈
Oˆ(Γi,j,k, sˆ, tˆ, ∂ˆ)
〉
=
∑
IJ∈M(i)
Nocc∑
n
Nbasis∑
µν
3∑
m=0
Re
{
ılD(m)nµν
}
◦
∫
~r′=~r
d3~r
[
sˆ(~r)tˆ(~r) ◦ ∂ˆ(~r′ ∨ ~r)I˜IJ,j,k,(m,l)µν (~r, ~r′)
]
︸ ︷︷ ︸
O
IJ,j,k,(m,l)
AO,µν
. (29)
Within above mentioned restrictions for the deriva-
tive operator, a fortran code was automatically gener-
ated for evaluation of the integrand of eq. (29) (term
in square brackets) with the computer algebra system
Mathematica.14
The code was generated for the derivative operators
~∇⊗, ~∇·, ~∇×, ~∇⊗ ~∇·, ~∇· ~∇⊗, ~∇⊗ ~∇×, and ~∇× ~∇×. For
computation of maximally second derivatives, at most
third derivatives of basis functions are required due to
appearance of first derivatives of matrix elements con-
taining the small component. Furthermore, up to second
derivatives of the model potential are needed with respect
to ~r. These were implemented following Ref. 10. In case
of second derivatives, third derivatives of density func-
tionals with respect to the model density are required.
These were approximated by central finite differences of
analytical second derivatives of the density functional.
Within our implementation, integrals are evaluated by
default on a grid using standard numerical integration
methods, established for density functional theory (DFT)
calculations. Integrals that do not contain the ZORA-
factor ω can typically be evaluated analytically. In the
present implementation, however, only a few analytical
integrals are available.
We added also a SoS module for calculation of sec-
ond order properties within an uncoupled DFT approach.
The SoS calculation is carried out with transition density
functions which are evaluated analogously to eqs. (20a)
to (20d) as densities between occupied and unoccupied
6orbitals i, a:
ρ˜LL,j,kia (~r, ~r
′) = Re
Nbasis∑
µν
{
~C†iµς(j, k)~Caν
}
· (χµχ′ν) (30)
and so on. The second order SoS expression is
Nocc∑
i=1
Norb∑
a=1+Nocc
〈
ψi
∣∣∣ Oˆ1 ∣∣∣ψa〉〈ψa ∣∣∣ Oˆ2 ∣∣∣ψi〉
(ǫi − ǫa) + cc, (31)
where ǫ are the orbital energies, i are indices of occupied
and a are indices of unoccupied orbitals. The integrals〈
ψi
∣∣∣ Oˆ ∣∣∣ψa〉 are evaluated via the corresponding generic
transition one-electron tensor functions:〈
ψi
∣∣∣ Oˆ ∣∣∣ψa〉 = ∫ d3~r Ω˜j,kia (~r), (32)
with
Ω˜
IJ,j,k
ia (~r) = sˆtˆ ◦ ∂ˆ(~r′ ∨ ~r)ρ˜IJ,j,kia (~r, ~r′)
∣∣∣
~r′=~r
. (33)
The contraction of AO-matrix elements with LCAO-
coefficients is implemented via density matrices as de-
scribed in the last section or matrix multiplications of
the type (C
(ξ)
occ)†O
IJ,j,k,(m,l)
AO C
(ξ)
unocc, where ξ can be α or
β, C
(ξ)
occ and C
(ξ)
unocc are the α- and β-spin blocks of the
block of occupied and unoccupied orbitals in the coef-
ficient matrix, respectively. Here, for component (m, l)
of the matrix of integrals in AO-basis O
IJ,j,k,(m,l)
AO the
sum of matrix multiplications with α- and β-coefficient
matrices, that correspond to ς(m, l) is formed.
In order to account for renormalisation effects, which
are in the ZORA approach particularly relevant for the
description of the energetically lowest lying orbitals with
main contributions close to the nucleus, we implemented
the possibility of renormalisation of the ZORAwave func-
tion by redefinition of the coefficient matrices:
~˜Ciµ =
~Ciµ√
1 +
∫
d3~r ρSS,0,0i (~r)
. (34)
This renormalisation can be evaluated directly within
the general implementation of one-electron operators pre-
sented above.
IV. COMPUTATIONAL DETAILS
Quasi-relativistic two-component calculations are per-
formed within ZORA at the level of complex general-
ized Hartree–Fock (cGHF) or Kohn–Sham (cGKS) with
a modified version12 of the quantum chemistry program
package Turbomole13.
For Kohn–Sham (KS)-DFT calculations the hybrid
Becke three parameter exchange functional and Lee,
Yang and Parr correlation functional (B3LYP)15–18 was
employed. In comparison to relativistic coupled cluster
(CC) calculations this functional performed well for the
description of P , T -odd effects in diatomic radicals in our
previous work, which motivates the present choice.19–21
For all calculations a basis set of 37 s, 34 p, 14 d and
9 f uncontracted Gaussian functions with the exponen-
tial coefficients αi composed as an even-tempered series
by αi = a · bN−i; i = 1, . . . , N , with b = 2 for s- and p-
function and with b = (5/2)1/25 × 102/5 ≈ 2.6 for d- and
f-functions was used for Tl and Ra. The largest exponent
coefficients of the s, p, d and f subsets are 2 × 109 a−20 ,
5×108 a−20 , 13300.758 a−20 and 751.8368350 a−20 , respec-
tively. This basis set has proven successful in calcula-
tions of nuclear-spin dependent P-violating interactions
and P , T -odd effects induced by an eEDM in heavy polar
diatomic molecules.6,19–23 The F atom was represented
with a decontracted atomic natural orbital (ANO) basis
set of triple-ζ quality24.
The ZORA-model potential V˜ (~r) as proposed by van
Wu¨llen10 was employed with additional damping25.
For calculations of two-component wave functions and
properties a finite nucleus was used, described by a nor-
malized spherical Gaussian nuclear density distribution
ρnuc,A(~r) = − ζ
3/2
A
π3/2
e−ζA|~r−~rA|
2
, where ζA =
3
2r2nuc,A
and
the root mean square radius rnuc,A of nucleus A was used
as suggested by Visscher and Dyall.26 The mass numbers
A were chosen to correspond to the isotopes 205Tl,223Ra.
Nuclear equilibrium distances were obtained at the lev-
els of GHF-ZORA and GKS-ZORA/B3LYP, respectively.
As convergence criteria an energy change of less than
10−5 Eh was used. For DFT calculations of analytic en-
ergy gradients with respect to the displacement of the
nuclei the nuclei were approximated as point charges.
The equilibrium distances obtained are for 205TlF 2.08 A˚
(cGHF) and 2.12 A˚ (cGKS) and for 223RaF 2.28 A˚
(cGHF) and 2.26 A˚ (cGKS).
All properties were computed with and without renor-
malisation of the wave function according to (34).
V. RESULTS AND DISCUSSION
A. Enhancement of various sources of P , T -violation in
paramagnetic RaF and diamagnetic TlF
A measurement of a permanent electric dipole moment
in vanishing electric field would indicate a simultaneous
violation of parity P and time-reversal T symmetry (see
e.g Ref. 3). Molecular systems provide currently the
strictest experimental limits on permanent electric dipole
moments.27,28
There are many possible P , T -violating sources that
can lead to a permanent electric dipole moment in a
molecule depending on the nuclear and electronic spin
states of the molecule.3,29 For paramagnetic molecules
such as RaF pronounced sensitivity is expected for a
7potential permanent electric dipole moment of the elec-
tron (eEDM) de and from P , T -odd scalar-pseudoscalar
nucleon-electron current (SPNEC) interactions kS.
30
However, in case of a non-zero nuclear spin additional
contributions from interactions of the electron cloud with
a potential permanent electric dipole moment of the pro-
ton (pEDM) dp, interactions with a net electric dipole
moment of the nucleus, called Schiff moment S, tensor-
pseudotensor nucleon-electron current (TPNEC) interac-
tions kT, and pseudoscalar-scalar nucleon-electron cur-
rent (PSNEC) interactions kp can occur. The latter,
PSNEC, vanishes in the limit of infinitely large mass of
the nucleus, which appears to be a reasonable approxi-
mation for heavy-elemental molecules, as me ≪ mnuc.3
Nuclear spin-dependent contributions are the dominat-
ing sources for P , T -violation in diamagnetic molecules
such as TlF, where interactions with an eEDM or due to
SPNECs appear only as indirect interactions via hyper-
fine induced coupling, because of vanishing total effective
electron spin.
In paramagnetic molecules containing nuclei with spin
quantum number I larger than 1/2, interactions with po-
tential higher P , T -odd nuclear moments, as e.g. nu-
clear magnetic quadrupole moments (NMQM), could
contribute to a permanent molecular EDM.
The full P , T -odd effective spin-rotational Hamiltonian
for a paramagnetic diatomic molecule for nucleus A with
nuclear spin quantum number larger than 1/2 reads (for
parts of HˆsrA see Refs. 29 and 4)
HˆsrA =
~λ · ~ˆS︸︷︷︸
Ω
(WdAde +WsAks) +
~λT · TˆA · ~ˆS︸ ︷︷ ︸
ΘA
WMAM˜A + higher moments. . .
+ ~λ · ~ˆIA︸ ︷︷ ︸
IA
(
WTAkT +WpAkp +W
m
sAks +WSASA + (WmA +WSARvol)dp +WmdAde
)
.
(35)
Here ~λ is the unit vector pointing from the heavy to
the light nucleus, ~ˆS is the effective electron spin of the
molecule, ~ˆIA the effective nuclear spin of nucleus A,
TˆA is a second-rank tensor which can be constructed
from the components of ~ˆIA (for details see Ref. 29),
M˜A = −12IA(2IA−1)MA with the NMQM M (see Ref.
29), Ω is the projection of the effective electron spin on
the molecular axis and IA is the projection of ~ˆIA on the
molecular axis. For a diamagnetic molecule all terms
that depend on the effective electronic spin ~S (here all
proportional to Ω and Θ) vanish. The constants W are
electronic structure coupling constants enhancing P , T -
violating parameters in molecules, that need to be de-
termined by electronic structure calculations. Rvol is a
nuclear structure factor that enhances the pEDM and
can be determined from nuclear structure calculations.
In the following we will focus on the electronic struc-
ture enhancement factors W in RaF and TlF. Thereby
we will not calculate WpA which is supposed to be many
orders of magnitude smaller than the other effects.3,30
Furthermore, we do not include in our discussion those
nuclear-spin dependent effects WmsA and W
m
dA
that are in-
duced by hyperfine coupling and thus are second-order
molecular properties that can be obtained from a lin-
ear response treatment. Assuming the molecular axes
to be aligned along the z-axis the remaining electronic
structure parameters are defined in the following (see e.g
3, 4, 29, 31, and 32):
i) electronic structure enhancement of the eEDM
Wd =
〈
Ψ
∣∣∣ 2ce~ ıγ0γ5~ˆp2 ∣∣∣Ψ〉
Ω
, (36)
with e being the elementary charge and ~ = h2π being the
reduced Planck’s constants;
ii) electronic structure enhancement of the NMQM
WMA =
〈
Ψ
∣∣∣ cekem 32 (z−zA)(~α×(~r−~rA))z|~r−~rA|5
∣∣∣Ψ〉
Ω
, (37)
with the constant kem being
µ0
4π in SI units with µ0 being
the magnetic constant (see Ref. 33 for other choices of
kem that correspond to different unit systems);
iii) electronic structure enhancement of nuclear Schiff
moment and volume effect due to a pEDM
WS,A =
2π
3
∂
∂z
Γ0,0,0(~r, ~r)
∣∣∣∣
~r=~rA
, (38)
in calculations of WS,A the value was calculated at eight
points at a distance of 1.7× 10−25 a0 around the nucleus
(cubic arrangement) and averaged. This Hamiltonian is a
consequence of Schiff’s theorem34 and is the dipole con-
tribution of an expansion of the electric potential of a
finite nucleus (for details see Ref. 35);
iv) electronic structure enhancement of the pEDM due
to magnetic fields of moving electrons
WmA =
〈
Ψ
∣∣∣∣∣∣∣ 4
(
µN
AA
+
µA
ZA
)
c
~
kem
k
(
~α× ~ˆℓA
)
z
|~rA|3
∣∣∣∣∣∣∣Ψ
〉
,
(39)
8with constant k, which is 1 in SI units and c−1 in Gauss
units, the orbital angular momentum operator with re-
spect to nucleusA ~ˆℓA = (~r−~rA)×~ˆp, the nuclear magneton
µN =
e~
2mp
with the mass of the proton mp, the nuclear
magnetic moment µA, the nuclear charge ZA and mass
number AA of nucleus A. Here we assume that the con-
tributions stem from a single active valence proton in the
nuclear shell (see Ref. 4);
v) electronic structure enhancement of SPNEC inter-
actions
WsA =
〈
Ψ
∣∣∣ GF√
2
ıγ0γ5ρnuc,A
∣∣∣Ψ〉
Ω
, (40)
with the Fermi weak coupling constant GF = 2.22249×
10−14Eha30;
vi) electronic structure enhancement of TPNEC inter-
actions
WTA =
〈
Ψ
∣∣∣√2GFıγ3ρnuc,A ∣∣∣Ψ〉 . (41)
With the method presented in the previous section all
these properties can be directly evaluated as illustrated
in Table I on page 11. We choose as exemplary molecular
systems RaF and TlF, which were well studied before and
are considered promising candidates for experiments that
aim at a measurement of P , T -odd properties.4,6,32,36–38
We neglect any magnetic or many-electron effects on
the above presented properties that may arise from the
ZORA transformation as these are expected to be low for
heavy elements. For some of the properties such effects
were discussed elsewhere (see e.g. Refs. 20 and 39).
1. Diamagnetic Molecules: TlF
In this section we discuss results for TlF that were ob-
tained from property calculations with an implementa-
tion of the approach described in the previous sections.
Results of our calculations on the level of cGHF- and
cGKS-B3LYP-ZORA are compared to results from liter-
ature in Table II on page 11.
We see an excellent agreement (deviations ≤ 5 %) be-
tween cGHF-ZORA and DHF results reported by Quiney
et. al. for all calculated properties.32 Furthermore,
renormalisation of the wave function does not play an
important role for the nuclear spin-dependent proper-
ties and is always below 1 %. This is to be expected
as all major contributions stem from the valence molec-
ular orbitals at the position of the nucleus. This shows
that ZORA is appropriate for the quantitative descrip-
tion of relativistic effects due to nuclear-spin dependent
P , T -odd interactions in a heavy molecule, which rein-
forces related previous findings for nuclear-spin indepen-
dent and nuclear-spin dependent P-odd interactions in
molecules8,22,23,40–43. Correlation effects were estimated
on the DFT level with the B3LYP hybrid density func-
tional. This functional, however, seems to overshoot elec-
tron correlation effects leading to values being too low in
magnitude with deviations of up to 23 % in comparison
to GRECP/RCC-SD calculations.44
2. Paramagnetic Molecules: RaF
We report results on electronic structure enhance-
ment factors of nuclear spin-dependent and nuclear spin-
independent P , T -effects in 223RaF in Table III on page
11 and compare to all available literature data.
Also for nuclear-spin independent properties and the
nuclear- and electron-spin dependent NMQM, most im-
portant contributions stem from valence molecular or-
bitals and thus effects of renormalisation are negligible.
The reasonable agreement between cGHF/cGKS-ZORA
and four component coupled cluster calculations36,37 for
Wd and Ws was discussed elsewhere.
19,20,36 Our present
values for Wd and Ws differ in the last reported digit
from the results in Refs. 19 and 20 as we consider herein
a different isotope of Ra. Our calculations of WS are
with deviations of 8 % (cGHF) in good agreement with
GRECP-FSCC calculations (Ref. 36). As observed in
previous studies,19,20 DFT tends to give results too low
in absolute value. However, the value of WS still agrees
reasonably (deviation is 12 %) with the coupled cluster
calculations. From this we expect a similar precision of
cGHF- and cGKS-ZORA calculations of WT and Wm.
Our calculations show that nuclear-spin dependent
P , T -odd enhancement factors in RaF are by about a
factor of 1/2 to 1/8 smaller in magnitude compared to
TlF. The ratios of WTWS and
Wm
WS
are considerably differ-
ent for TlF and RaF. Thus data from measurements of
RaF would complement data from TlF measurements as
different regions in the parameter space of the P , T -odd
parameters kT, dp and S are covered.
In Table III on page 11 we presented values forWM, as
well. In comparison to predictions of NMQM enhance-
ment made for other molecules45 the values for RaF are
very large (as large as predicted for YbF or ThO). Fur-
thermore the 223Ra nucleus is known to have a octupole
deformation, which is expected to enhance NMQM effects
significantly on the nuclear structure level.46 This makes
223RaF a promising candidate for setting strict limits on
NMQM induced permanent electric dipole moments.
VI. CONCLUSION
We outlined a generally applicable approach to the
evaluation of arbitrary relativistic properties within an
approximate quasi-relativistic wave function. Automated
code generation via a computer algebra system was ap-
plied to obtain a pilot implementation within a modified
version of a quantum chemical program for ZORA wave
functions. Within the approach presented herein, rel-
ativistic first and second order properties ranging from
commonly available molecular properties, such as NMR-
shielding constants, to less common discrete symmetry
9violating properties are accessible in a single implementa-
tion. The flexibility of this property toolbox was demon-
strated by computation of a number of P , T -odd effects
that are important for fundamental physics research with
diatomic molecules
Within this study large enhancements of the nu-
clear magnetic quadrupole moment and nuclear spin-
dependent as well as nuclear spin-independent sources of
P , T -violation in RaF were determined. This shows that
223RaF is a well suited system for setting strict limits on
CP-violation in essentially all sectors of particle physics.
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Table I. Representation of various P , T -odd properties in the formalism
of general tensor functions.
Property Prefactor sˆ tˆ◦ ∂ˆ◦ Γi,j,k
Wd
2c~
eΩ
- - ~∇ · ~∇⊗ Γ2,0,1
WM 32Ω cekem
z−zA
|~r−~rA|5 −(~r − ~rA)× - ~Γ
1,(1,2,3),0
WS 2π3 δ(~rA − ~r) - ~∇⊗ Γ0,0,0
Wm 4
(
µN
AA
+ µA
ZA
)
c
~
kem
k
|~r − ~rA|−3 (~r − ~rA)× ~∇× ~Γ1,(1,2,3),1
Ws
GF√
2Ω
ρnuc(~r) - - Γ
2,0,1
WT
√
2GF ρnuc(~r) - - Γ
2,3,1
Table II. Nuclear spin-dependent, electron spin-independent
P , T -odd electronic structure parameters of the diamagnetic
molecule 205TlF evaluated at the level of cGHF- and cGKS-
ZORA with a large even tempered basis set with (wr) and
without renormalisation (wor) of the density according to
eq. (34). Comparison to literature values determined with
different computational method. The value µ(205Tl) =
1.6382135 µN was used for the nuclear magnetic moment of
205Tl.47
Method WT/hHz Wm/
1018 hHz
e cm
WS/a40
cGHF-ZORA-wor 4697 −4.74 8443
cGHF-ZORA-wr 4690 −4.72 8428
cGKS-ZORA-B3LYP-wr 3375 −3.10 5720
DHFa(Ref. 32) 4632 −4.78 8747
GRECP-RCC-SDb(Ref. 44) - −4.04 7635
DFc(Ref. 38) - −5.46 7738
a Dirac–Hartree–Fock calculation without electron correlation.
b Generalized relativistic effective core potential, two-step ap-
proach with restricted active space SCF electron-correlation
calculation at the level of single and double excitations.
c Dirac-Fock calculation without electron-correlation.
Table III. Electron and nuclear spin-dependent P ,T -odd electronic structure parameters of the paramagnetic
molecule 223RaF evaluated at the level of cGHF- and cGKS-ZORA with a large even tempered basis set with
(wr) and without renormalisation (wor) of the density according to eq. (34). Comparison to available literature
values determined with different computational methods. The value µ(223Ra) = 0.271 µN was used for the
nuclear magnetic moment of 223Ra.47 In all our calculations Ω = 0.500.
Method WT/hHz Wm/
1018 hHz
e cm
WS/a40 Ws/h kHz Wd/
1024 hHz
e cm
WM/ 10
33 hHz
c e cm2
cGHF-ZORA-wor −1810 0.66 −4235 −152 −27.2 −1.17
cGHF-ZORA-wr −1809 0.66 −4229 −152 −27.2 −1.17
cGKS-ZORA-B3LYP-wr −1617 0.58 −3686 −138 −24.6 −1.03
FS-RCCSD+∆basis+∆triples
a(Ref.36) - - −4260 −139 −25.6 -
DF-CCSDb(Ref. 37) - - - −141 −25.4 -
a Relativistic two-component Fock-space coupled-cluster approach with single and double excitations (CCSD) with
basis set corrections from CCSD calculations with normal and large sized basis sets and triple excitation corrections
from CCSD calculations with and without perturbative triples.
b Dirac-Fock calculation with electron-correlation effects on the level of coupled cluster with single and double excita-
tions.
